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Abstract. We construct p-adic L-functions associated to cuspidal Hilbert 
modular eigenforms of parallel weight two in certain dihedral or anticyclotomic 
extensions via the Jacquet-Langlands correspondence, generalizing works of 
Bcrtolini-Darmon, Vatsal and others. The construction given here is adelic, 
which allows us to deduce a precise interpolation formula from a Waldspurgcr 
type theorem, as well as a formula for the dihedral /^-invariant. We also make 
a note of Howard's nonvanishing criterion for these p-adic L-functions, which 
can be used to reduce the associated Iwasawa main conjecture to a certain 
nontriviality criterion for families of p-adic L-functions. 
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1. Introduction 

Let F be a totally real number field of degree d over Q. Fix a prime ideal 
p C Of with underlying rational prime p. Fix an integral ideal 9to C Op with 
ord p (9t ) < 1- Let 



(i) m = 



if p | mo 

{ pm ap\m . 

Hence, ordp(*Tt) = 1. Fix a totally imaginary quadratic extension K of F. Assume 
that the relative discriminant Dk/f of K over F is prime to OT/p. The choice of K 
then determines uniquely a factorization 

(2) m = pm+m- 

of *Tt in Of, with v \ Vt + if and only if v splits in K, and v \ Cft~ if and only 
if v is inert in K. Let us assume additionally that 9T _ is the squarefree product 
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of a number of primes congruent to d mod 2. Fix a Hilbert modular eigenform 
f £ i?2(9t) of parallel weight two, level 9t, and trivial Nebentypus. Assume that 
f is either a newform, or else arises from a newform of level 9t/P y i & the process 
of p-stabilization. Our hypotheses on 9t and K imply that the global root number 
of the associated Rankin-Selberg L-function L(f , K, s) at its central value s = 1 is 
equal to 1 (as opposed to —1). Moreover, the Jacquet-Langlands correspondence 
allows us to associated to f an eigenform on a totally definite quaternion algebra 
over F, which puts us in the setting of Waldspurger's theorem [37], as refined 
by Yuan-Zhang-Zhang in |28j . Let us view f as a p-adic modular form via a fixed 
embedding Q — > Q p , writing O to denote the ring of integers of a finite extension of 
Q p containing all of the Fourier coefficients of f under this fixed embedding. Let us 
assume additionally that f is either p-ordinary, by which we mean that its eigenvalue 
at the Hecke operator T v is invertible in O, or else that f is p-supersingular, by which 
we main that its eigenvalue at the Hecke operator T p is zero. In the case where f is 
p-ordinary, let us write a p = a v (f ) to denote the unit root of the Hecke polynomial 
X 2 — dp{f)X + q. Here, a p (f) denotes the eigenvalue of f at T p , and q denotes the 
cardinality of the residue field of p. Let S = [Fp : Q p ]. We consider the behaviour 
of f in the dihedral Zp-extension Kp^ of K described by class field theory. Writing 
the Galois group Gal(iipoo / K) = as 

Gpoo = lim G p n 

n 

we consider the O-Iwasawa algebra 

A = 0[[Gpoo]] =limO[Gpn], 

n 

whose elements can be viewed as O- valued measures on Gpoo. The purpose of 
this note is to give a construction of elements £ p (f, K) 6 A whose specializations 
to finite order characters p of G p oo interpolate the central values L(f,p, 1) of the 
twisted Rankin-Selbert L-functions L(f,p, s). To be more precise, if p is a finite 
order character of G p oo, and A an element of A with associated measure dX, let 

p(X)= [ p(a)-d\(a) 

J G p oc 

denote the specialization of A to p. Let CP denote the maximal ideal of O. We define 
the /i-invariant p = p(X) associated to an element A £ A to be the largest exponent 
c such that A £ *p c A. Let n = nt denote the cuspidal automorphic representation 
of GL 2 over F associated to f , with 

L(tt, ad, s) = L{ir vi ad, s) 

V 

the L-series of the adjoint representation of tt. Let 

v 

denote the Dedekind zeta function of F. Let 



L(tt,p,s) =Y[L(ir v ,p v ,s) 

V 
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denote the Rankin-Selberg L-function of tt times the theta series associated to p, 
with central value at s = 1/2. Note that we have an equality of L- functions 



L(n,p,s-^)=T c (s)^L(f,p,s), 



with 



r c (s) = 2(27r)- s r( s ), 

as explained for instance in [T6J 0.5]. Let tt = 3L(tt') denote the Jacquet-Langlands 
correspondence of tt. Choose a decomposable vector $ = <& v $> v £ tt' . Let uj — uk/f 
denote the quadratic Hecke character associated to K/F, with decomposition uj = 
<g) v u) v . Following Yuan-Zhang-Zhang [28], we consider for any prime v of F the 
local linear functional defined by 

L(ui v , 1) • L(tt v , ad, 1) 



a($ v ,p v ) 



Cw( 2 ) ' L(ir v ,p v , 1/2) JkZ/f, 



(t)dt. 



Here, (•, •)„ denotes a nontrivial hermitian form on the component tt' v such that 
the product (•,•) — Yl v (-,-) v is the Petersson inner product, and dt denotes the 
Tamagawa measure. We refer the reader to the discussion below for more precise 
definitions. We show the following result. 



Theorem 1.1 (Theorem l4.71 Corollary 14. 81 and Theorem 14. 101) . Fix an eigenform 
f G £2(9^) subject to the hypotheses above, with Q — > Q p a fixed embedding. Let 
p be a finite order character of the Galois group Gp^ that factors though G p n for 
some positive integer n. Let \ ■ \ denote the complex absolute value on Q p , taken 
with respect to a fixed embedding Q p — > C. 

(i) Iff is p-ordinary, then there exists a nontrivial element C v (f, K v <x) £ A 
such that the following equality holds in Q p : 



\p(£ p (f,K p -))\ = 



Cf(2) 



2-L(7r,ad, 1) 



L(tt, p, 1/2) • L(tt, p-\ 1/2) ■ Yl a(t> v ,p v ) ■ a($„, p' 1 ) . 

(ii) Ifi is p- super singular, then there exist two nontrivial elements £ p (f , -ftTpoo^ £ 
A such that the following equalities hold in Qp : 



|p(£ p (f,#p 



Cf(2) 



2 • L(?r,ad, 1) 



x L(tt, p, 1/2) • L(tt, p-\ 1/2) • J] a(<Z> v ,p v ) ■ a{<S> v ,p-> 

(hi) We have that /i(£ p (f, K p oa)) = /j(£ p (f, K v ^)^) = 2v, where v = 2/$ denotes 
the largest integer such that $ is congruent to a constant mod 

At this point, some remarks are in order. First of all, we note that this construc- 
tion is the generalization to totally real fields of that given by Bertolini-Darmon 
[21 § 1.2] and Darmon-Iovita [5], building on the seminal work of Bertolini-Darmon 
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PQ. It is sketched by Longo in [13], using the language of Gross points. The novelty 
of the construction given here is that we work adelically rather than p-adically, 
which allows us to use Waldspurger's theorem directly to deduce the interpolation 
property. This also allows us to give a simpler proof of the /x-invariant formula 
than that given by Vatsal in 24 . Finally, this construction allows us to reduce the 
associated Iwasawa main conjecture to a nonvanishing criterion for these p-adic L- 
functions via the theorem of Howard [TTJ Theorem 3.2.3(c)] (cf. also [23j Theorem 
1.3]), as we explain below. In particular, Howard's criterion (Conjecture 15. ip has 
the following applications to Iwasawa main conjectures. Let Sel p oo (f , Kp<x ) denote 
the p°°-Selmer group associated to f in the tower K^/K. We refer the reader to 
[TO] . [T3] or [23] for definitions. Let 

A(f , K p ~) = Horn (Sel p oo (f , K p ~), Q p /Z p ) 

denote the Pontryagin dual of Sel p oo (f, K p ^), which has the structure of a compact 
A-module. If X(f,K p ^) is A-torsion, then the structure theory of A-modules in [3J 
§ 4.5] assigns to X(f, K p <^) a A-characteristic power series 

charA (X(f, ifpoo)) e A. 

The associated dihedral main conjecture of Iwasawa theory is then given by 

Conjecture 1.2 (Iwasawa main conjecture). Let f e ^(^t) be a Hilbert modular 
eigenform as defined above, such that the global root number of the complex central 
value L(f,K,l) is +1. Then, the dual Selmer group X(f, K p <x>) is A-torsion, and 
there is an equality of ideals 

(3) (£ p (f,iTp=o)) = (char A (X(f,if p oo))) in A. 

We may now deduce the following result towards this conjecture. 

Theorem 1.3. Suppose that F = Q. Let f 6 52(9t) be a Hilbert modular eigenform 
as defined above. Assume that the residual Galois representation associated to f is 
surjective, as well as ramified at each prime q | OT such that q = ±1 mod p. Then, 
the dual Selmer group X(f, K p x>) is A-torsion, and there is an inclusion of ideals 

(£p(f,/f p oo)) C (char A (A(f,X p oo))) in A. 

Moreover, if Coniecture \5.1\ below holds, then there is an equality of ideals 

(£p(f,#poo)) = (char A (A(f,X p oo))) in A. 

Proof. The result follows from the refinement of the Euler system argument of 
Bertolini-Darmon [2] given by Pollack- Weston [18], which satisfies the hypotheses 
of Howard [101 Theorem 3.2.3], since it removes the p-isolatedness condition from 
the work of [2]. □ □ 

We can state the criterion of Conjecture 15.11 in the following more explicit way. 
Let us now assume for simplicity that 9T is prime to the relative discriminant of K 
over F. Fix a positive integer k. Let us define a set of admissible primes 2k of F, 
all of which are inert in K , with the condition that for any ideal n in the set of 
squarefree products of primes in there exists a nontrivial eigenform f ^ of level 
n9t such that we have the following congruence on Hecke eigenvalues: 

f (n) ee f mod q3 fe . 
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Let £^ C 2k denote the subset of primes v for which uj(vyi) — — 1, equivalently 
for which the root number of the Rankin-Selberg L-function L(f( n \ K, s) equals 
1. Let 6^ denote the set of squarefree products of primes in £j£, including the 
so-called empty product corresponding to 1. Now, for each vertex n £ <5^~, we have 
a p-adic L-function C p (f , K p ^ ) or C p (t^ , K p ^ ) ± in A by the construction given 
above. As we explain below, each of these p-adic L-functions is given by a product 
of completed group ring elements Q{ * 9$ „ , where Of* £ A is constructed in a natural 
way from the eigenform f" via the Jacquet-Langlands correspondence and strong 
approximation at p, and 6>j?„ is the image of 6f* under the involution of A sending 
a to er -1 in G p ^. Let us write A n to denote the completed group ring element 
Of n , which is only well defined up to automorphism of G p <*> . We then obtain from 
Theorem [O] the following result, following the discussion in [TTJ Theorem 3.2.3 (c)] 
(cf. also [231 Theorem 1.3]). 

Corollary 1.4. Keep the setup of Theorem \1.3[ Suppose that for any height one 
prime Q of A, there exists an integer fco such that for all integers j > ko the set 

{A„eA/(f):ne6+} 

contains at least one completed group ring element A n with nontrivial image in 
A/(Q, < p fc °). Then, there is an equality of ideals 

(£ p (f,K p ~)) = (char A (X(f,AV))) in A. 

The results of Theorem 11.31 and Corollary 11.41 extend to the general setting of 
totally real fields, as explained in Theorem 1.3 of the sequel paper [23]. We omit 
the statements here for simplicity of exposition. Finally, let us note that while 
we have not treated the construction for higher weights, the issue of Jochnowitz 
congruences (following Vatsal [24] with Rajaei Qj5]), or Howard's criterion itself in 
this note, these problems in fact motivate this work. 

Notations. Let Ap denote the adeles of F, with A = Aq. Let Af denote the finite 
adeles of Q. We shall sometimes write T — Resp/Q(K X ) to denote the algebraic 
group associated to K x , and Z — ResF/Q(F x ) the algebraic group associated o 
F x . Given a finite prime n of F, fix a uniformizer w v of F v , and let n v denote the 
residue field of F v at v, with q = q v its cardinality. 

2. Some preliminaries 

Ring class towers. Given an ideal c C Of, let O c = Of + cOk denote the Op- 
order of conductor c in K. The ring class field of conductor c of K is the Galois 
extension K[c) of K characterized by class field theory via the identification 

K x /O x K x Gal(K[c]/K). 

Here, rec^ denotes reciprocity map, normalized to send uniformizers to their cor- 
responding geometric Frobenius endomorphisms. Let G[c] denote the Galois group 
Gal(AT[c \/K). Let AT[p°°] = U n >o^[P™] denote the union of all ring class exten- 
sions of p-power conductor over K. Let us write G[p°°] to denote the Galois group 
Gal(AT[p°°]/AT), which has the structure of a profinite group G[p°°] = Um^ G[p n ]. 

Lemma 2.1. The Galois group G[p°°] has the following properties. 
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(i) The reciprocity map recx induces an isomorphism of topological groups 

K X /K X U G[p°°], 

where 

(ii) The torsion subgroup G[p°°]tors of G[p°°] is finite. Moreover, there is an 
isomorphism of topological groups 

G[ P °°]/G[p°°] tors — > Z 5 p , 

where S — [F p : Q p ]. 

Proof. See [4} § Lemma 2.1 and Corollary 2.2]. □ 

We shall use the following notations throughout. Let G p =o = Gfp^J/Gfp^tors 
denote the Z^-quotient of G[p°°]. Let denote the dihedral or anticyclotomic 

Zp-extension of K, so that 

Gp~ = G&l(K p ~/K) ^ Z*. 
Given a positive integer n, we then let K p n denote the extension of K for which 
G p n = G&\{K pn /K) £- {Z/p n Z) s , 

so that Gpoo = hm^ G p >« . 

Central values. Here, we record the refinement of Waldspurger's theorem [27] 
given by Yuan-Zhang-Zhang [28], as well as the nonvanishing theorem given by 
Cornut-Vatsal [4]. Let B be a totally definite quaternion algebra defined over F. 
We view the group of invertible elements B x as an algebraic group with centre Z. 
We then view the group K x as a maximal torus T of B x via a fixed embedding 
K — > B. Fix an idele class character 

p = ® vPv : A x /K x -^C x . 

Let 7r = <S> v tt v be a cuspidal automorphic representation of GL2(Ai?), assumed to 
have trivial central character. Let L(ir,p,s) = Y[ v L(ir v , p v , s) denote the Rankin- 
Selberg L-function associated to tt and p, with central value at s = 1/2. Let 
e(ir v ,p v , 1/2) 6 {±1} denote the local root number of L(ir,p, 1/2) at a prime v of 
F. Let u> — i^k/f denote the quadratic character associated to K/F. The set of 
places v of F given by 

S = {v : e(n v ,p v , 1/2) ^ p v ■ u) v (-l)} 

is known to have finite cardinality, and the global root number to be given by the 
product formula 

e(7r, p, 1/2) = H eK, p v , 1/2) = (-1) |S| . 

V 

A theorem of Tunncll and Saito gives a criterion to determine whether or not a 
given prime of F belongs to this set E. To state this theorem, we must first say 
a word or two about the Jacquet-Langlands correspondence. That is, the theorem 
of Jacquet and Langlands [T2] establishes an injection LI — > JL(II) from the set of 
automorphic representations of (B ® Ap) x of dimension greater than 1 to the set of 
cuspidal automorphic representations of GL 2 (Ai?). Moreover, it characterizes the 
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image of this injection as cuspidal automorphic representations of GL2(Af) that 
are discrete series (i.e. square integrable) at each prime v £ Ram(i?). Let us write 
7r' = Y[ v 71 v to denote the Jacquet-Langlands correspondence of ir on (B <g> Ap) x , 
so that 7r = JL(7r'). 

Theorem 2.2 (Tunnell-Saito). If n v is a discrete series for some prime v of F, 
then let ir' v denote the Jacquet-Langlands lift of n v . Fix embeddings of algebraic 
subgroups K* B* and K* —> Gh2(F v ). We have that v £ £ if any only if 
Hom^x (tt v ® p v , C) =0. Moreover, we have that 



(4) dim ^Hom^x (tt v (g> p v , C) © Hom^x (tt' v ® p v , C) 

wzt/i t/ie second space Hom^x (7r(, eg) C) treated as zero if ir v is not discrete. 

Proof. See [22J and [2D]. □ 

Let us note that in the case where the root number e(Tr,p, 1/2) equals +1, the 
set £ has even cardinality, in which case the ramification set of the quaternion 
algebra B over F is given exactly by S. Anyhow, we may now state the refinement 
of Waldspurger's theorem given by Yuan-Zhang-Zhang [25] § 1.2]. Given a vector 
$ 6 7r', consider the period integral l(-, p) : it' — > C defined by 



(5) *(<M = / p(t)-$(i)«ft. 

Jr(A F )/Z(A F )T(f) 

Here, dt denotes the Tamagawa measure on T(A F ), which has volume 2L(w, 1) on 
the quotient T(A F )/Z(A F )T(F), and volume 2 on the quotient (B ® A F ) X /A F B X . 
Let (•, •) denote the Petersson inner product on (£? <g) Ap) x / A F B X with respect 
to e?i. Fix a nontrivial hermitian form (•,•)„ on tt' v such that there is a product 
formula (•,•) = ]J V (-, •)„. 

Theorem 2.3 (Waldspurger, Yuan-Zhang-Zhang). Assume that $ e ir' is nonzero 
and decomposable. Then for any prime v of F, the local functional defined by 

, » x L(oj v , 1) ■ L(ir v , ad, 1) f , . , . ^ ^ . , . , 
a(^,p,)= V ' y . ■ / «(*)*„, *„>„.p„(t)dt 

S,«(/J " Li(Tt v ,p v , 1/2) Jk*/F* 

does not vanish, and equals 1 /or a?/ but finitely many primes v of F. Moreover, 
we have the identity 

(6) |Z(*,p)| - 2-L(7r,ad,l) 'lH^^ 

v\oo 

where the value ([SJ is algebraic. Here, Cf(s) — Y[ v Cf,v(s) is the Dedekind zeta 
function of F, and L(tt, ad, s) — Y[ v L(^v, ad, s) the L-series of the adjoint repre- 
sentation. 

Proof. See [27] or [25] Proposition 1.2.1]. In this setting, the value ((SJ is known to 
lie in the field Q(7r, p) generated by values of 7r and p as a consequence of the fact 
that B is totally definite (and hence compact). □ 

Let us now record the following nonvanishing theorem for the central values 
L(n, p, 1/2), whose proof relies on the results of Tunnell-Saito and Waldspurger, 
as explained in the introduction of [1]. Given an integer n > 1, let us call a 
character that factors through G[p n ] primitive of conductor n if it does not factor 
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though G[p n 1 ]. Let P(n,po) denote the set of primitive characters on G[p n ] with 
associated (tamely ramified) character po on G[p°°]tors- 

Theorem 2.4 (Cornut-Vatsal). Assume that the root number e(ir, p, 1/2) is 1, and 
that the prime to p-part of the level of tt is prime to the relative discriminant T>k/f- 
Then, for all n sufficiently large, there exists a primitive character p £ P(n, po) such 
that L(tt,p, 1/2) ^ 0. 

Proof. See [U Theorem 1.4], as well as the main result of [55] for F = Q. □ 

We may then deduce from the algcbraicity theorem of Shimura |21j , which applies 
to the values L(ir, p, 1/2), the following strengthening of this result. 

Corollary 2.5. Assume that the root number e(ir,p, 1/2) is 1, and that the prime 
to p-part of the level of n is prime to the relative discriminant Tl^/p. Let Y denote 
the set of all finite order characters of the Galois group G[p°°], viewed as idele 
class characters of K via the reciprocity map kck ■ Then, for all but finitely many 
characters p in Y , the central value L(ir,p, 1/2) does not vanish. 

3. Modular forms on totally definite quaternion algebras 

We follow the exposition given in Mok [HI §2]. Fix an ideal 91 C Of as defined in 
(JlJ above. Fix a totally imaginary quadratic extension K/ F of relative discriminant 
®k/f prime to 91, so that we have the factorization ([2]) of 91 in Of- Let B denote 
the totally definite quaternion algebra over F of discriminant 0T~ . Let us also fix 
isomorphisms i v : B v = M2(F V ) for all primes v ^ Ram(B) of F. Note that B 
splits at p by our hypotheses on the level 91. 

Basic definition. Let O be any ring. An O-valued automorphic form of weight 2, 
level H , and trivial central character on B x is a function 

$ : B X \B X /H — > O 

such that for all g £ B x , b £ B x , h 6 H, and z 6 F x , 

(7) $(gbhz) = $(&). 

Let S2(H;0) denote the space of such functions, modulo those which factor 
through the reduced norm homomorphism nrd. A function in iS^f (H; O) is called 
an O-valued modular form of weight 2, level H , and trivial central character on 
B x . 

Choice of levels. Fix DJl C Of an integral ideal prime to the discriminant 91~ 
(we shall often just take 971 = p91 + ). Given a finite prime v C F, let R v be a local 
order of B v such that 

(8) R v is maximal if v \ 91", or Eichler of level w ord "( OT ) if v \ 9T. 

Write R — Y[ v Rv Let R = BDR denote the corresponding Eichler order of B. Let 
H v = R x , so that H = ]J V H v C B x is the corresponding compact open subgroup. 
We shall assume throughout that a compact open subgroup H C B x takes this 
form, in which case we refer to it as DJl-level structure on B. 

Hecke operators. We define Hecke operators acting on the space S^iH; O). 
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The operators T v . Given any finite prime v of F that splits B and does not divide 
the level of H, we define Hecke operators T v as follows. Note that since Rv C B v 
is maximal by ([5]), we have the identification i v : R* = GL2(0f„)- Suppose now 
that we have any double coset decomposition 

(9) GL 2 (0 F „)(^ MgL 2 (OfJ= I] a a GL 2 (0 Fv ). 

The Hecke operator T v is then defined by the rule 

(T„*)(6) = J2 ®{b-L^(a a )). 

An easy check with the transformation property (J7J shows that these definitions do 
not depend on choice of representatives {cr a (v)} ae pir Kv \. 

The set of representatives {<Ja}aen p in © has the following lattice description. 
Let q = q v denote the cardinality of k v . Let {L(a)} a£Ktj denote the set of q + 1 
sublattices of 0^ © Of„ of index equal to q. Arrange the matrix representatives a a 
so that a a (0 Fv © Op„) = L(a). The set of lattices {i(a)} a eP 1 (««) then describes 
the set of representatives. 

The operator Up. In general, given any finite prime v of F and any integer m > 1, 
we let I v m denote the Iwahori subgroup of level v m of GL2(Of„ ), 

I vm ={( a c ^ G GLaCOjrJ : c = mod ro™}. 

Let us now suppose that w is a finite prime of i 7, not dividing s Il~ where the level 
is not maximal, though we shall only be interested in the special case of v = p. 
Hence, taking v — p, let us assume that the level H = J\ v R* is chosen so that 
l p : Rp = I p . Suppose we have any double coset decomposition 

(10) /„(; w ° )/„= Ua a Ip. 
The operator Up is then defined by the rule 

(ui,$)(6)= E $ ( 6 - 4 irV.)). 

Another easy check with the transformation property ([7} shows that this definition 
does not depend on choice of representatives {£r a } a£Sp . 

The set of representatives {<r a } aeKp in ([TU]) has the following lattice description. 
Recall that we fix a uniformizer zup of p, and let q = q p denote the cardinality 
of the residue field Kp. Let {L(a)} o6Kp denote the set of sublattices of index q of 
Of p © WpOp p , minus the sublattice Wp (Of p © Cf p ) ■ (Note that there are exactly 
q lattices in this set, as there are exactly q + 1 sublattices of "distance 1" away from 
Of p © WpO^p _ see § H.2] or (|19p below). We consider translates of the pair 



(0 Ff ®0 Fp: Fp ®w p O Fp ), 
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which is stabilized by the Iwahori subgroup Ip . Let us now arrange the representa- 
tives {cra}ae/i p so that 

o a (G Fp (BO Fp )= Fp ffi WpO Ff = L(a) 

o a (0 Fv ®mpO Fv ) =L'(a). 

We shall then consider the pairs of lattice translates given by (L(a),L'(a)). 
Strong approximation. Let F+ denote the totally positive elements of F, i.e. 
the elements of F whose image under any real embedding of F is greater than 0. 
Let {xi}i =1 be a set of representatives for the narrow class group 

a F = F$\F x /d* 

of F, such that (xi)„ = 1 for each i = 1, ... h. 

Lemma 3.1. Given H C B x any compact open subgroup, there is a bijection 

h 

(11) ]\ B *^ B v H -^- 

Here, each £j is an element of B x such that (£j) p = 1 and nrd(^) = Xi. 

Proof. This is a standard result, it can be deduced from the strong approximation 
theorem ([23 § III. 4, Theoreme 4.3]) applied to the norm theorem ([251 § III. 4, 
Theoreme 4.1]). □ 

Let us now fix a set of representatives (xi) for the modified class group £l F /Fp X 
such that (xi)p = 1 for each i = 1, . . . , h. Let us then choose £j € B x such that 
(£i)p = 1 and nrd(£j) = Xi for each i. Now, for each i, let us define a subgroup 

(12) r t = {6eB x :b v e (Cm)^(^)" 1 for all v \ p} C B x . 

Observe that each Ti embeds discretely into Bp . (That is, each Ti can be described 
as the intersection of B x with some conjugate of H . This intersection can then be 
embedded discretely into B^ — Yives B v > wnere S denotes the set of archimedean 
places Yi F of F along with the prime p. On the other hand, recall that B is ramified 
at all of the archimedean places of F, and hence that B£ is compact. It is then 
follows from a standard fact in the theory of topological groups that the intersection 
defining each Ti embeds discretely into Bg modulo the compact subgroup B^ p . 
Hence, each Ti embeds discretely into Bp). We may therefore view each Ti as a 
discrete subgroup of GL 2 (F p ) via our fixed isomorphism t p : Bp = GL 2 (F p ) . 

Corollary 3.2. We have a bijection 

h 

(is) Utab'/h.^b^/h 

1=1 

via the map given on each component by [g] i-> • g] . That is, for g £ B p , the 
class of g in each component Ti\B p / H p goes to the class of £j • g in B X \B X / H. 

Fix $ G [H] O). Via a fixed bijection ([T3| . we may view i> as an /i-tuple of 
functions (</ )Z ) i _ 1 on GL 2 (F p ) that satisfy the relation 

(14) <j) 1 (jbhz) = (j) i (b) 
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for all 7 £ Ti, b £ B; = GL 2 (F P ), h € Hp, and z £ F p . The identification (|13j) 
then allows us to describe $ £ S^iH^O) as a vector of functions on homothcty 
classes of full rank lattices of F p © F p in the following way. Let £ (F p F p ) denote 
the set of homothety classes of full rank lattices of F p © F p . 

Case I: p j 971. Fix $ 6 <S^(Ff;£)) as above, associated to a vector of functions 
(</>*). _ r For each (j) 1 , we can define a corresponding function c^i on £ (F p (B Fp) 
as follows. Given a class [L] £ £ (-Fp ©Fp) with fixed representative F, let gL £ 
GL 2 (Fp) be any matrix such that gL (C-F„ © ®F f ) = L. Let 

V([L]) = ^Gfc). 

This definition does not depend on choice of matrix representative g^, as a simple 
check using relation (fT4)) reveals. It also follows from (|T4|) that 

(15) V ([ 7 L]) = c^([£]) 

for all 7 £ for instance by taking g 7 £ = 7<7l, then seeing that </> ! (<7 7 l) = 
1 (73l) = 1 (.9l). 

Case II: p | 971. Consider $ £ S^iH; O) as above, associated to a vector of func- 
tions (<^> l ) . For each 4 , we can define a corresponding function c^; on pairs 
([Li], [L 2 ]) of classes in £ (F p © F p ) (with a fixed pair of representatives (Li,L 2 )) 
satisfying the property that F 2 C Fi with index q. That is, fix such a pair of classes 
([Fi], [F 2 ]). Let 5l £ GL 2 (F p ) be any matrix such that 

5l (Of p ©O f J = F a 
g L (0 Fp S)w p O Fp ) = L 2 . 

Let 

c^{[LxUL2])=4>\9l). 

As before, a simple check using relation reveals that C0i([Fi], [F 2 ]) does not 
depend on choice of matrix representative gL- It also follows from (fT4|) that 

(16) C0l ([ 7 F 1 ],[ 7 i 2 ]) = c 0I ([Fi],[F 2 ]) 
for all 7 £ T,;. 

Let us write c$ to denote the vector of lattice class functions (c0«) . —1 associated 

to (t/) 1 )^ in either case on the level 971. We then have the following description of 
Hecke operators for these functions: 

Case I: p \ 971. The Hecke operator T p on c$ is given by 

(17) c Tp9 {[L\) = c*([L']). 

L'CL 

Here, fixing representatives, the sum runs over the q + 1 sublattices i' of F having 
index equal to q. 

Case II: p | 97t. The Hecke operator U p on c$ is given by 

(18) c c/p4 ([F 1 ],[F 2 ])= £ C *([L 2 ],[L']). 

L'CL 2 

Here, fixing representatives, the sum runs over the sublattices F' C F 2 of index q, 
minus the sublattice L' corresponding to tu p L 2 . 
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The Bruhat-Tits tree of PGL2(F P ). The description above of modular forms 
$ G S^iH-fO) as functions c<j, on the set of homothety classes C(F p ® Fp) has 
the following combinatorial interpretation. To fix ideas, let _M(M2(F p )) denote 
the set of maximal orders of M2(F p ). The group PGL2(F p ) = B p /F p acts on by 
conjugation on 7W(M 2 (F p )). 

Lemma 3.3. The conjugation action o/PGI^-Fp) on .M(M 2 (F p )) is transitive. 
Moreover, there is an identification of PGL2(F p )/PGL2(0_f p ) with _M(M2(Fp)). 

Proof. This is a standard result, see for instance § II. 2]. □ 

Let T p = (Vp,£ p ) denote the Bruhat-Tits tree of B* / F* = PGL 2 (F p ), by which 
we mean the tree of maximal orders of B p = M2 (F p ) , such that 

(i) The vertex set V p is indexed by maximal orders of M 2 (F p ). 

(ii) The edgeset £ p is indexed by Eichler orders of level p of M2(F p ). 

(iii) The edgeset £ p has an orientation, i.e. a pair of maps 

s,t:£p — > V p , e i-> (s(e),i(e)) 

that assigns to each edge e S £ p a source s(e) and a target t(e). Once such 
a choice of orientation is fixed, let us write £* to denote the "directed" 
edgeset of T p ■ 

Hence, we obtain from Lemma 13.31 the following immediate 

Corollary 3.4. The induced conjugation action o/PGL2(i 7 p ) on Tp is transitive. 
Moreover, there is an identification o/PGL2(Fp)/PGL2(0F p ) withV p . 

Now, recall that we let C(F p © F p ) denote the set of homothety classes of full 
rank lattices of F p © Fp. 

Lemma 3.5. There is a bijection C(F p © F p ) = M(M 2 (F p ). 

Proof. See [261 II §2]- Let V = Fp ©F p , viewed as a 2-dimensional F p -vector space. 
Fixing a basis {z\, z 2 } of V, we obtain the standard identification 

M 2 (F p ) -^End Fp {V) 
7 1 — > (v t— > 7 • v) . 

Here, v = XZ1+1/Z2 denotes any clement of V, and "f-v the usual matrix operation of 
7 on (x, y). Hence, we obtain a bijective correspondence between maximal orders of 
M^Fp) and maximal orders of Endi? p (V). Now, it is well known that the maximal 
orders of Endp p (V) take the form of Endi? p (L), with L any full rank lattice of 
Fp © Fp, as shown for instance in [26J II § 2, Lemme 2.1(1)]. Since the rings 
Endi? p (L) correspond in a natural way to classes [L] £ C(F p © Fp), the claim 
follows. □ 

Hence, fixing an isomorphism C(F p ffi-Fp) = A^M^Fp), we can associate to each 
class [L] G £(Fp © F p ) a unique vertex t>[£] G V p . Let us also for future reference 
make the following definition (cf. [26l § II.2]). Let [L], [L'\ G C{F p © F p ) be a pair 
of classes with fixed representatives (L, L') such that L D L' . Fix bases (z±, z 2 ) and 
{~K p Z\, 7r p Z2) for L and L' respectively. We define the distance d(t>[£], 0[L']) between 
the associated vertices 0^] and 0[ L >] by 



(19) 



d{x>[L\,*[L>\) = \b-a\ 
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This definition docs not depend on choice of representatives or bases. Let Do denote 
the vertex of Vp corresponding to the maximal order M2(Of p )- The length of any 
vertex £ V p is then given by the distance d(o, Do). 

Now, the subgroups Tj C Bp defined in (fT2|) above act naturally by conjugation 
on Tp, and the quotient graphs Ti\T p are finite. We may therefore consider the 
disjoint union of finite quotient graphs 

h ( h h \ 

11™= U r AVp,II r *W ■ 

i=l \i=l i=l I 

Moreover, we may consider the following spaces of modular forms defined on these 
disjoint unions of finite quotient graphs. 

Definition Given a ring O, let S2 ri\7p; 0\ denote the space of vectors 

(<^ l )._ 1 of O-valued, {Ti)^ =1 -invariant functions on 7p = (Vp,£p) . Here, it is un- 
derstood that $ £ S 2 Ti\T p ;0) is a function on ]J^ =1 F;\V P if p \ 2K, or a 
function on JJ^ Ti\S* if p \ Tt. 

Proposition 3.6. Let O be any ring. We have a bijection of spaces 



s 2 (u^i\Tp;o\ ^Si(H;0). 



(20) 

Proof. Fix a function $ £ Sg(H; O). Recall that by (JTSJ), we have a bijection 

h 

UTAB^/Hp^B^/H, 

1=1 

and moreover that we can associate to $ a vector of functions c$ = (c^*) on the 
set of homothety classes C(Fp © Fp). The vector c$ is then clearly determined 
uniquely by the transformation law for $ in view of this bijection. Hence, by 
Lemma 13.51 we may view c$ as a vector of functions on the set of maximal orders 
Ai(M.2(F p )). Since we saw above that each of the functions c^; is T^-invariant, the 
claim follows. □ 



Let us for ease of notation write $ to denote both a function in the space of 
modular forms 6>,f (i/;0), as well as its corresponding vector of functions c$ on 

maximal orders of M 2 (F p ) in 5 2 flljLi rj\7p; . We can then write down the 
following combinatorial description of the Hecke operators T p and Up defined above, 
dividing into cases on the level structure. 

Case I: p \ DJt. We obtain the following description of the operator T p . Let $(0) 

denote the /i-tuple of functions (c^,i(t))) evaluated at a fixed vertex of V p . By 
(fT7| . we obtain the description 

(21) (T p $)(d)=^c»(id). 

m— ¥<o 

Here, the sum ranges over all q + 1 vertices in adjacent to 0. 
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Case II: p | DJl. We obtain the following description of the operator Up. Let $(e) 

denote the /i-tuple of functions (c^e))^ ' evaluated at a fixed edge e. By (fT5j) . we 
obtain the description 

(22) (U p *)(t)= Yl c *( e ')' 

s(c')=i(e) 

Here, the sum runs over the q edges e' 6 £* such that s(e') = <(e), minus the edge 
e obtained by reversing orientation of e. 

The Jacquet-Langlands correspondence. We now give a combinatorial ver- 
sion of the theorem of Jacquet and Langlands [T2] under the bijection (|20|) . Let us 
first review some background from the theory of Hilbert modular forms. We refer 
the reader to [7], [5] or [S] for basic definitions and background. 

Hilbert modular forms. Let f € S2 (9T) be a cuspidal Hilbert modular form of 
parallel weight two, level 9t C Op, and trivial Nebentypus with associated vector 
of functions (/i) i=1 on the d-fold product S) d of the complex upper-half plane. 
We write 52(91) to denote this space of functions, which comes equipped with 
an action by classically or adelically defined Hecke operators for each finite prime 
v of F, which we denote by T v in an abuse of notation. Let us also write U v 
to denote these operators when v divides 9t. Fix a set of representatives {ti)\ =1 
for the narrow class group €\f- By the weak approximation theorem, we may 
choose these representatives in such way that (ii)oo = ^ f° r eacn Given a vector 
z = (zi, . . . , Zd) € F S3 R, let us also define operations 

d d 

Tr(*) = 5>, JV(*) = IL 



Let us then define ep(z) = exp(27ri Tr(z)). It can be deduced from the transforma- 
tion law satisfied by f that each /; admits a Fourier series expansion 

M z ) = X! a i(p) e F(vz), 

where the sum over ti means the sum over ideals generated by the ideles and 
/i ^> means that /i is strictly positive. Now, any fractional ideal m of F can be 
written uniquely as some (/^i" 1 with /i £ ti totally positive. We use this to define 
a normalized Fourier coefficient a m (f) of f at m in the following way. That is, let 



a m (f) 



Oi(/x) ■ M{ti) 1 if m is integral 
else. 



Equivalently, we can define the normalized Fourier coefficient a m (f) using the 
adelic Fourier expansion of f. That is, let | ■ |a f denote the adelic norm, and 
let xf '■ A-f/F — !• C x denote the standard additive character whose restriction to 
archimedean components agrees with the restriction to archimedean components 
of the character ■ We then have the following adelic Fourier series expansion at 
infinity: 

/ (( 1 )) = ' y ' AF ' J2 a iV°f^ - e F{£,Woo) - Xf(£x). 
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Here, i denotes the d-tuple (i, . . . , i), and yoo denotes the archimcdcan component 
of y. Hence, we could also take this to be our definition of normalized Fourier 
coefficients. A Hilbert modular form f € £2(9!) is said to be a normalized eigenform 
if it is a simultaneous eigenvector for all of the Hecke operators T v and U v with 
a o F (f) = !■ in this case, we write 

• T v f = o„(f) -f for all v]m. 

• UJ = a v (f) ■ f for all v | 9t 

A normalized eigenform f G 52(9T) is said to be a newform if there does not exist 
any other form g G <S2(9Jt) with 9Jt | 9t and SUl 3 0T such that a n (f) = a n (g) for 
all integral ideals n of F prime to 91. An eigenform f G 52(91) is p-ordinary if its 
Tp-eigenvalue a p (f) is a p-adic unit with respect to any fixed embedding Q — > Q p . 
In this case, there exists a p-adic unit root a p (f ) to the Hecke polynomial 

(23) x 2 -a p (f)x + q, 

where q denotes the cardinality of the residue field at p . Let us now fix an integral 
ideal 9T C Op as in ((TJ, with underlying integral ideal 91o C Of- Fix a Hilbert 
modular eigenform fo 6 <S2(9To) that is new at all primes dividing the level 9To- 
Let 9To C Of be an integral ideal that is not divisible by p. The p- stabilization 
f G c?2(9T) of fo G <S2(9to) is the eigenform given by 



where /3 p (fo) denotes the non-unit root to (|2"5|) . This is a p-ordinary eigenform in 
£2(91) with Up -eigenvalue a p = a p (fo). 

Let us now consider an eigenform f G £2 (91) given by fo if p divides 9To, or given 
by the p-stabilization of fo if p does not divide 9To- We have the following quater- 
nionic description of f in either case. Let B denote the totally definite quaternion 
algebra over F of discriminant 9T~. To be consistent with the notations above, let 
us also write U v for the Hecke operators T v on S<f (ff; O) when v | 9T + . 

Proposition 3.7 (Jacquet-Langlands). Given an eigenform f G S2(9T) as above, 
there exists a function $ G S2 ( TT t — 1 ^i\Tp', C J such that 



• T„$ = a v (f) ■ $ for allvjm 

• U v <$> = a v (f) ■ $ for all v | 91+ 

• U p <£> = a p ■ $. 

This function is unique up to multiplication by non-zero complex numbers. Con- 
versely, given an eigenform $ £ ^2 (lli=i ^A^pi @) > there exists an eigenform 
f G 1S2 (9T) such that 

• TJ = a v ($>) ■ f for allv\m 

• U v f = a„($) • f for all v | 91+ 

• U p f = «„(*)• f. 

Here, a v ((fr) denotes the eigenvalue for T v 0/ $ i/ujOt, and a„($) i/ie eigenvalue 
for U v of<f> i/u I 2fl. 

Proof. We generalize the argument given for F — Q in [3J Proposition 1.3]. 

Case I: Suppose first that p divides 91o = 9T, hence that f G £2(91) is new at p. 
Let Ro C B be an Eichler order of level p9T + . The theorem of Jacquet-Langlands 
[12] then associates to f an eigenform $ G S^Rq 4 , C) such that 



(24) 



f = f -/3 P (fo)-(T p f ), 
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T v $ = a v (f) for &llv]m 

= a„(f) • $ for all v \ 91+ 
U p $ = a p ■ $. 

This function <E> is unique up to multiplication by nonzero elements of C. It can be 
identified with a function in 52 Ml^Li TA^; by Proposition ^. 61 

Case II: Suppose that p does not divide 9to, hence that f £ 52(91) is not new at 
p. Let i?o C B be an Eichler order of level The theorem of Jacquet-Langlands 
[T2"] then associates to f an eigenform 4>o £ <S<f(i?Q ; C) such that 

T v $o = a v (f) ■ $ for all v ] 9V 

C/„$ = a „(f) • $ for all u | 0T+. 
This function $o is also unique up to multiplication by nonzero elements of C. 
It can be identified with a function in £2 ( Il£=i r"i\Vp; CJ by Proposition 13.61 

Now, we can construct from this function $ = (<$)) ■— 1 the following functions of 
(^ l )!-i °^ ^ 2 (ll!=i ^\^pi ^) • F° r each component cf>Q, define a pair of functions 
(f> l s , <f>\ : £* — > C by the rules 

(25) «(0 = 4(*to). 01(e) = $(t(e)). 
We have by construction that 

= a„(f) • ef>i for all u J 9V 
= a v {f) ■ 4>\ for all v \ 9V 
Now, observe that 

(26) (I7„#)(e)= E ^( e ')= E ^(<W) = ?-#). 

s(e')=t(t) s(e')=t(e) 

On the other hand, observe that 
(27) 

{U P 4) (e) - E $W = ( T ^o) (*(0) - $(*(e)) = a p (f ) • #(e) - 
s(t')=t(e) 

Let us now define (j) 1 — (f) l s — a p ■ (f)\. Using (j2"6")l and (|27|l , we find that 

(c/ P ^)w= E 0Ko-«p-^(O 

s(e')=i(e) 

= E 4>i(s(t'))-a p - E ^o(i(e')) 

s(e')=*(e) «(«')=*(*) 

= g • 0«(t(e)) - a p (a p (f ) • $(t(e)) - $(*(e))) 
- a P • 0i(e) - (ap • a p (f ) - g) • $(e) 
= <*P <*P ' <&(')) 

i.e. since a p being a root of (|2"3")l implies that «p = a p (fo) • a p — q. It follows that 
4> l is an eigenvector for the Hecke operator U p with eigenvalue a p . Let us then 

define $ = (</> l )^_ r Thus, $ is a function in the space S2 (II £=1 Ti\£ p ; C). It is 
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an simultaneous eigenvector for all of the operators T v with v \ < Jl, U v with v \ DT + , 
and Up having the prescribed eigenvalues. Moreover, it is the unique such function 
up to multiplication by non-zero elements of C. 

The converse in either case can be established as follows. Given such a function 
$ in S2 Ult=i r»Y7p) Cj , consider its image under the bijection (|20|) . The theorem 
of Jacquet and Langlands then associates to this image an eigenform f G £2 (9^) 
having the proscribed eigenvalues. □ 



4. Construction of measures 

Let f G S2(yi) be an eigenfrom as defined for Proposition 13.71 with $ the asso- 
ciated quaternionic eigenform. Recall that we fixed an embedding Q > Q p , and 
take O to be the ring of integers of a finite extension of Q p containing all of the 
Fourier coefficients of f . Recall as well that we let A denote the O-Iwasawa alge- 
bra 0[[G p oo]]. We construct in this section elements of A, equivalently O- valued 
measures on Gp=o, that interpolate the central values L($, ( o, 1/2). Here, p is any 
finite order character of G p o° . The construction below generalizes those of Bertolini- 
Darmon ([T], [5]) in the ordinary well as constructions of Darmon-Iovita [3] 

and Pollack [T7] in the supersingular case. These constructions are also sketched 
in the ordinary case by Longo [13], using the language of Gross points. We use the 
Yuan-Zhang-Zhang generalization Waldpurger's theorem, as described in Theorem 
12.31 above, to deduce an interpolation formula for these measures (Theorem I4.7|) . 
We then give a formula for the associated /i-invariant (Theorem 14. 10[) . generalizing 
the work of Vatsal [H] . 

Fix an integral ideal 91 C Of having the factorization in F defined in ([2]). Let 
B denote the totally definite quaternion algebra over F of discriminant 91~ . Let Z 
denote the maximal Of [-j;] -order in K, and let R C B be an Eichler O^[i]-order of 
level 9t + . We fix an optimal embedding ^ of O into R, i.e. an injective _F-algebra 
homomorphism ^ : K — > B such that 

Such an embedding exists if and only if all of the primes dividing the level of R are 
split in K (see [26l § II.3]), so our choice of factorization ([2]) ensures that we may 
choose such an embedding. 

Galois action on the Bruhat-Tits tree. The reciprocity map recR- induces an 
isomorphism 

K X /(K X U V ^Z-) G[p~], 

as implied for instance from Lemma I2.1f i) . Passing to the adelization, the optimal 
embedding \E' then induces an embedding 

K y /(K»YI V ^Z;) B*\B*/il^RZ. 

Taking the subset of B x defined by Y\ v ^ p R* , with associated subgroups T,; as 
defined in (I12[) . strong approximation (|13[) gives an isomorphism 
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We may therefore consider the composition of maps given by 

g[p°°] k x /(k x Y[ v ^z; 

s x \B x /n„^« 



The composition 

(28) J ?- 1 o$or A , 1 

induces an action * of the Galois group G[p°°] on the Bruhat-Tits tree Tp = (Vp,£Z). 
This action factors through that of the local optimal embedding ^> p : K p — > B p . 
We can give a more precise description, following § 2.2]. That is, the optimal 
embedding ^ : K — > B induces a local optimal embedding ^> p : K p — > Bp , 
which in turn induces an action (by conjugation) of K p /F p on Bp / F p . The 
dynamics of this action depend on the decomposition of p in K. Hence, we divide 
into cases. Let us write Kp = K ® Fp to denote the localization of if at p. 

Case I: p splits in K. In this case, Kp is a split torus, and so the action of 
Kp /Fp X on Tp does not fix any vertex. Fix a prime ^} above p in K (not to be 
confused with the maximal ideal *p C O defined above). Define a homomorphism 

|| || v ->Z 

x _> ord(p (|) . 

Note that the choice of CP only changes the homomorphism above by a sign. For later 
applications, we shall choose CP in accordance with our fixed embedding Q — > Q p . 
Consider the maximal compact subgroup of Kp /F p x defined by 

Uo = kcr (|| ||,p). 

Consider the natural decreasing filtration of compact subgroups 

(29) ... cUj C ...Ux CUo 

satisfying the condition that [Uo :Uj] = q^ 1 (q+l) for each index j > 1. The action 
of Uq on Tp fixes a geodesic J = J* of Tp, i.e. an infinite sequence of consecutive 
vertices. Now, the quotient Kp / F p x /Uq acts by translation on J. Let us define the 
distance between any vertex £ V p and the geodesic J to be 

<f(t>, J) := minrf(t), tt>). 

Here, to E J runs over all of the vertices of J. If d(t>, J) = j, then it is simple to 
see from the definitions of distance above that Stab^x^x (o) = Uj. Moreover, we 

see that the quotient Kp /F p x /Uj acts simply transitively on the set of vertices of 
distance j from J . In this case, let us fix a sequence of consecutive vertices {x> j}j>o 
with d(x)j, J) = j such that Stab^x y F x (t)j) = Uj. 

Case II: p is inert in K. In this case, the quotient K» /F» is compact, and so 
the action of K p x /F p x on Tp fixes a distinguished vertex Do- Hence, we can take 
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Uq = Kp / Fp to be the maximal compact subgroup in the construction above, with 
associated natural decreasing filtration of compact subgroups 

(30) ... C Uj C ..Mi C U = K p x /F p x 

satisfying the condition that [Uq : Uj] = q^ 1 (q + 1) for each index j > 1. If 
d(Do, t>) = j for some vertex U 6 Vp, then we have that Stab^x/ F x (o) = Uj. In this 
case, let us fix a sequence of consecutive vertices {t>j}j>o with d(Oo,Dj) = j such 
that Stab^x / F * (ttj) = Uj. 

Let us note that in either case of the decomposition of p in K, the the filtration 
subroup Uj is simply the standard compact subgroup of K? /F p x of the form 

(31) Uj = (1 + pi Ok ® OfJ X / (1 + P j Of p ) X . 

In either case, we obtain from the filtration (f29| or (p0|) an infinite sequence of 
consecutive edges {tj}j>i, with each edge £j joining two vertices Dj-i f-> Oj, and 
satisfying the property that 

Stab K x /F x {tj)=Uj. 

We refer the reader to [SJ § 1] for some more details. Let us for simplicity write 
\X0j\ = {fDjjj to denote either the sequence of consecutive vertices {Oj}j>o or the 
induced sequence of consecutive edges {tj}j>i- 

A pairing. Fix an eigenform $ = e 52(]J^ =1 Ti\T p ;0). Fix a sequence of 

consecutive edges or vertices {tfj }. We define for each index j a function 

9 K j ■■ K*/F*/Uj O, 

7 $ ( 7 * toj) = (7 * Wj)) jLj • 
Let us now simplify notation by writing 

Uoo = rec^ 1 (Gn =K*/Ik*1[zA. 

\ v\p J 

Let us commit an abuse of notation in writing Uj to also denote the image of the 
filtration subgroup defined in (|3"Tj) above in T-L^. We then have the relation 

Hoc = hm % X /Uj. 

j 

To be more precise, T-Loo is profinite, hence compact. The open subgroups Uj then 
have finite index in 1-Loo . Since "Hoo must also be locally compact, its open subgroups 
form a base of neighbourhoods of the identity. We claim that the collection {Uj}j>o 
in fact forms a base of neighbourhoods of the identity, in which case the natural 
map Hoc — > hiu. Hoo/Uj is seen to be both continuous and injective. Since its 
image is dense, a standard compactness argument then implies that the map must 
be an isomorphism. We now claim that the functions &K,j defined above in fact 
descend to functions on the quotients T-Lj = T-Loo/Uj. Indeed, this we claim is clear 
from the composition of maps ([25]l , as the part of the image of that does not 
land in Kp/F p x must lie in one of the subgroups IV Since each eigenform (j) 1 is 
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IVinvariant, the claim follows. The functions 3>K,j are then seen to give rise to a 
natural pairing 



O 



(t,tt>j) i— > $(ry p 1 o*(t)*ty), 
and under the reciprocity map rec/f a natural pairing 



G[p°°] x r P 



(a, »j) h— > $(?7p 1 o $ o rec^V) * Wj). 
$ to denote either pairing, though it is a minor abuse of notation. 



Let us write 

A distribution. Let us define for each index j a group ring element 



]T $K,i(t)'teO[«i]. 



We shall consider the natural projections 
as well as the group ring operations 



E = 



That is, let ^ denote the map from 7ij to Wj+i such that for for any y E H 



(32) 



E 



Let us now clarify some more notations. Given any <j E Hj, we let denote an 
arbitrary lift of tj to fij+i- This allows us to abuse notation in viewing as an 
element of the group ring 0[Hj+i], i.e. via replacement of with some arbitrary 
lift to 0\Hj+i] under the projection -Kj + ij. This lift is not well defined, but the 
product Cj^s.j G 0[Hj + i] is. 

Lemma 4.1. We have the following distribution relations with respect to the eigen- 
form fo associated to $ in the setting of Proposition \37)\ 

(i) If{t°j} = {*j}j>0, then 

(33) Kj+ij C#*,j+i) = a p( f o) • - j-i- 

(ii) //{to,-} = {e.,- }•,•>!, t/ien 

(34) ttj+ij (i?*j+i) = a p (f ) • 

Proof. See [51 Lemma 2.6]. The same approach applied to each component l of $ 
works here. That is, we have by direct calculation on each <fi l that 

/ \ 



(35) 



E 



E 

\ "3+1,3 



3> 
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On the other hand, we have by definition that 

(36) ®K,j+i(xt j+ i) = 

Suppose that {fDj} = {$j}j>o is a sequence of consecutive vertices. Then, the sum 
on the right hand side of (|36|) corresponds on each component (jj 1 to the sum over 
the q+1 vertices adjacent to tj * Oj , minus the vertex tj * Oj-i . We refer the reader 
to [51 Figure 3, p. 12] for a visual aid, as it also depicts the situation here. In 
particular, we find that the inner sum of (|35[) is given by 

T p ($) (I,,,*,) <l>:/,.n ; ,;. 

We may then deduce from Theorem 13.71 applied to $ that 

* ((^+i) * = fl p( f o) ' ~ * 

"3 + 1.3 (<0=V 

= a p (f ) • $K,j(tj) - $K,j-i{tj). 

The first part of the claim then follows from ([33]) and (|3l)]) . using the definition of 
Suppose now that {tt)j} = {tj}j>i is a consecutive sequence of edges. Then, 
the sum on the right hand side of (|3"6f corresponds on each component c\> % to the sum 
over the q + 1 edges emanating from tj * tj , minus the edge obtained by reversing 
orientation. In particular, we find that the inner sum of (J35j is given by 

U 9 ($) (tj*tj). 
We may then deduce from Proposition 13.71 that 

,r j+i > j( x )=i' 

The second part of the claim then follows as before from (|35p and ([3l>|) , using the 
definition of j . □ 

The ordinary case. Let us assume now that the eigenform fo is p-ordinary, i.e. 
that the image of the eigenvalue a p (fo) under our fixed embedding Q — > Q p is a p- 
adic unit. Recall that we let a p = a p (fo) denote unit root of the Hecke polynomial 
(|23|) . Fix a sequence of consecutive directed edges {ft>j} — {tj}j>i- Let us consider 
the system of maps 

ip&j : Hj — > O 

defined for each index j > 1 by the assignment of an element t G Wj to the value 

(37) =ajT J '-* x,3(*). 
For each j > 1, let us also define a group ring element 

= • 0*j € 0[Wj]. 

Lemma 4.2. TTie system of maps {<p&,j}j>i defined in ([37]) determines an CD- 
valued measure on the group Tioo — rec K- (^[P 00 ])- 
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Proof. Lemma I4.1( ii) implies that for each j > 1, 

= 

Hence, the system of maps {<p$,j}j>i defines a bounded O- valued distribution on 
Hoo, as required. □ 

Corollary 4.3. The system of maps { i P®j}j>i, under composition with the reci- 
procity map recR- followed by projection to the Iwasawa algebra A = 0[[Gp°°]], 
defines an O -valued measure <iz9$ on the Galois group Gpoo. 

Let us now consider the associated completed group ring element 

(38) 0$ = Urn a p J ■ 

Observe that a different choice of sequence of directed edges {tj}j>i has the effect 
of multiplying by an automorphism of G p =o . To correct this, we let £J> denote 
the image of £$ under the involution of 0[[G p °c]] that sends a i-> <t _1 € Gpoo. 

Definition Let C p (<f>,K) = 6^6%. 

Hence, jCp($, K) is a well-defined clement of A. 

The supersingular case. Assume now that dp(fo) = 0. Fix a sequence of consec- 
utive vertices {iDj} = {$j}j>o- Here, we give a construction of the p-adic L-function 
of the quaternionic eigenform $ associated to fo by Proposition 13.71 following [5] , 
building on techniques of Pollack [T7] . Recall that by Lemma 12.11 (ii) , we have 
an isomorphism of topological groups G p oc = Z*, with 8 — [F p : Q p ]. Fixing 5 
topological generators 71,. .. ,75 of G p oo, we can then define an isomorphism 

A— »-0[[ri,...,T tf ]] 

( 7l ,..., 7 5) .— > (Ti + l,...,T a + l). 

We obtain from this an identification of group rings 

(39) 0[G P »] — ►0[Ti,...,T 5 ]/((Ti + if" - 1, . . . , (T 5 + if"- l) 

via the map that sends each 7 j mod Gpoo to the class Tj+1 mod ((Tj + l) p — l) . 
Granted this identification (|3T)|) , we claim to have the following power series descrip- 
tion of the group ring operator £ n defined in (|32[) : 

(T U ...,T S ) — ^ (E p »(T 1 + l) > ...,Ep»(T a + l)). 

Here, S p n denotes the cyclotomic polynomial of degree p n . Let Q„ denote the 
power series operation that sends 



(Ti,...,r,)— > ((Ti + l) p -l,...,(T 5 + lf -1^ 

In n 

= T x JJ S^(Tj + 1),...,T, • J] *v( r * + 1) 
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Here, the last equality follows from the fact that 

n 

(T + lf" = T- JJS^(T+1). 

i=i 

Let us also define power series operations 

n 

n+ = n+(T 1 ,...,r s )= J] tj(T lt ...,T 6 ) 

3 = 2 
330(2) 

n 

n- = n-(T 1 ,...,T g )= J] e,(ri,...,T 5 ) 

3=1 
3 = 1(2) 

Sit = Vt(Ti, ■ ■ . ,T B ) = (Ti, . . . , T S ) *n± 

Here, we write (Ti, . . . , Ta)* to denote the dot product, i.e. the multiplication 
operation that sends (Xx, . . . ,X$) to (TxXx, ■ ■ ■ ,TgXs), and £j is the group ring 
operation defined above in (|32[) . Let us for simplicity of notation make the identi- 
fication A = . . . , Ts]] implicitly in the construction that follows. 

Lemma 4.4. Given an integer n > 0, let e denote the sign o/(— 1) . Multiplication 
by Sl~ E induces a bisection A/ (Sl e n ) — > Sl~ E A/ (Sl n ) . 

Proof. Cf. [5, Lemma 2.7], where the result is given for 5 = 1. A similar argument 
works here. That is, let g be any polynomial in A. We consider the map that sends 
g M> Sl~ e g. Observe that Sl~ £ Sl £ n = Sl n . Hence if Sl^ | g, then S¥ n g = mod Sl n . 
It follows that the map is injective. Since A is a unique factorization domain, the 
map is also seen to be surjective. □ 

Proposition 4.5. Given a positive integer n, let e denote the sign of (—1)™. 

(i) We have that Sl^-d^^ = 0. 

(ii) There exists a unique element 0^ n G A/Sl^A such that = r2~ e ©|, n . 

Proof. Cf. |5j Proposition 2.8]. Let us first suppose that n > 2 is even. We then 
have that 

Sl+^ n = Sl+_ 2 Zn (0»,n) 

= Sln_ 2 S,n^n-l ($*,n) ■ 

Since a p (fo) = 0, we obtain from Lemma |4. II (i) that 

(40) Sl+tf^ n = -Sl+_ 2 ^ n _ 1 (tf $ ,„_ 2 ) . 

This allows us to reduce to the case of n = 2 by induction. Now, we find that 

= (Ti.-.r 5 )*6j (i?»,2) 

= (Ti.-.T 4 )*&7r 2 ,i(^*,2) 
= -(T 1 .--T (5 )*ei6 (l?*,o). 

Observe that 

(Ti ■ ■ -T S ) = (Ti •••T (5 ) * (E p (Ti + l)E p »(Ti + 1),... , E P (T 5 + l)E p n{T s + 1)) 

= fi 2 (T 1 ,...,T 5 ), 
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which is in the group ring 0[G p 2] by (|39[) . This proves claim (i) for n even. The 
case of n odd can be shown in the same way. To see (ii), observe that f2„ = Sl^i7~ e . 
Using Lemma [4.4[ deduce that any element in A annihilated by £l e n must be divisible 
by 0^ e . We know that Q^$$ )n = 0. Thus, we find that must be divisible by 
Since A is a unique factorization domain, this concludes the proof. □ 

Using Proposition I4.5f ii) . we may define elements 

**,n = • e *,T, ifn = ° m0d2 

Lemma 4.6. The sequence n } n =(-i) n mod (2) * s compatible with respect to the 
natural projection maps A/f^j — s- A/Q^-i- 

Proof. Cf. [5] Lemma 2.9]. Let us choose lifts to A of the group ring elements i?$, n 
and for all n > 0. We denote these lifts by the same symbols. Let us first 

suppose that n is even. Lemma |4Tji) implies that 

^* : n = -£n-l#*,n-2 mod fi„_i. 

Using Proposition I4.5f ii) . it follows that there exists a polynomial / E A such that 

(41) o-e+„ = -£n-iO-_ 2 e+_ 2 + 

Observe that we have the identity 

(42) n n ^ = n+_ 2 h-. 

Observe that we also have the identity 

(43) Q-=£„-in„-2. 

Using (|4"2")l , we may cancel out by Q~ on either side of (|4"Tj) to obtain that 

by (|4*3"j) . This proves the result for n even. The case of n odd can be shown in the 
same way. □ 

Using Lcmma l4.6[ we may define elements 

(44) 0*=Jjm0» jn ElimA/fi± 

n n 

Observe again however that a different choice of sequence of consecutive vertices 
{$j}j>o has the effect of multiplying #;j by some element a E G p ~. As in the 
ordinary case, we correct this by making the following 

Definition Let £ p ($, K)± = i?J • (tfg)* . 

Note that £ p (<I>, AT) 1 * 1 is then a well-defined element of 0[[G p oo]]. 

p-adic A-functions. In both cases on fo, we refer to the associated element £ p ($, K) 
or £ p ($, AT) ± E A, with $ the eigenform associated to fo by Proposition 13.71 the 
(quaternionic) p-adic L-function associated to fg and G p oo = Gal(i£p°° / AT). 
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Interpolation properties. Recall that we let A denote the O-Iwasawa algebra 
0[[Gp°c]]. Let p be any finite order character of the Galois group G p °o. Let 
p (jC p ($, K)) denote the specialization of £ p (Q,K) to p. To be more precise, a 
continuous homomorphism p : G p oo — > C p extends to an algebra homomorphism 
A — > C p by the rule 

(45) p(A) = [ p(x)d\(x), 

J GpOO 

with dX the 0-valued measure of G p oo associated to an element A 6 A. 

Remark Note that a product of elements A1A2 € A corresponds to convolution of 

measures d (Ai Kl A2) under specialization, i.e. 



p(AiA 2 )=/ p{x)d{\ l m\ 2 )= / P (x + y)dX 1 (x)\dX 2 (y). 

We now state the following consequence of Theorem l2.3l Let £ p ($, K)* denote any 
of the p-adic L-functions £ p ($,K), £ p ($,A') + , or £ p ($,K)~. 

Theorem 4.7. Fix embeddings Q — > Q p erne? Q p — > C. Lei p be any finite or- 
der character of G p oo that factors through G pm for some integer m > 1. Lei MS 
view £/ie values of p and d£ p (Q,K)* as complex values via Q p — > C, in which 
case we let \p(£ p (Jf>,K)) \ denote the complex absolute value of the specialization 
p(£ v (§,K)*). We have the following interpolation formulae in the notations of 
Theorem \2.3\ above. 

(i) If is p-ordinary, then 

ap" 2m -Cf(2) 



\p(C p (*,K)) 



2-L(7r,ad, 1) 

L(tt, p, 1/2) • L(tt, p-\ 1/2) ■ J] Pt,) • a($„, p,; 1 ) 



(ii) If is p- super singular, then 
Cf(2) 



| P (r p ( t &,i^)= 



2 • L(tt, ad, 1) 



L(tt, p, 1/2) • L(tt, p" 1 , 1/2) • J] p„) • p- 1 ) 

v\oo 

Note that the values on the right hand sides of (i) and (ii) are both algebraic as a 
consequence of Theorem \2.S[ and hence can be viewed as values in Q p via our fixed 
embedding Q — > Q p . 

Observe in particular that the specialization p (£ p ($, K)*) vanishes if and only 
if the complex central value L(tt, p, 1/2) vanishes. Hence, we obtain from Theorem 
12.41 (or the stronger result deduced in Corollary 12 . 5 1 above) the following important 

Corollary 4.8. The element £ p (<fr,K)* does not vanish identically in C[[G p oo]]. 

To prove Theorem 14.71 let us first consider the following basic result. Recall 
that given an element A £ A, we let A* denote the image of A under the involution 
sending a h-> cr _1 S G p =o. 
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Lemma 4.9. We have that p(X*) = p 1 (A) for any A € A. 

Proof. Since p : G p oo — > C x is a homomorphism of groups, we have that p(a^ 1 ) = 
/o((t) _1 for any a G G p o=, as a consequence of the basic identities 

p(a)p{a- 1 )=p(a)p{a)- 1 =1. 

Using the definition of A* , we then find that 

p(\*)= [ p{a)d\*{a) =( p(a- 1 )d\(a)= f p' 1 (a)d\(a) =p- 1 (A). 

t/GpOO JGpOO i/GpOC 

□ 

We now prove Theorem 14.71 

Proof. Suppose first that the eigenform $ is p-ordinary, hence that the T p -eigenvalue 
of $ is a p-adic unit with respect to our fixed embedding Q — > Q p . Recall that in 
this case, we define Cp($,K) = as in (|38|). Let p be a finite order character 

of Gpoc that factors through G p ™. We have by definition that 

J GpOC 

= a p rn ■ J p{a) ■ $ (tp o n~ l o $ o rec^V) * e m ) . 

Here, e m denotes the m-th directed edge in the fixed sequence {tj}j>i defined 
above. Let to denote the directed edge defined by ?] p ~ 1 0^0 rec^- 1 (tr) * e m , 
where * denotes the induced conjugation action. We argue that the value 
can be identified with the value $(t), where t — rec^- 1 (<r), and denotes the 
evaluation at t of the corresponding eigenform $ e S^iH; O). That is, recall from 
the discussion above that the action of the Galois group G pm on the Bruhat-Tits 
tree Tp factors through the induced conjugation action by the quotient K p x / F p x . In 
particular, the quotient (Kp X /Fp X )/U m acts simply transitively on the set of vertices 
of distance m away from the geodesic J of vertices fixed by the maximal compact 
subgroup Uq C Kp /F p x . Now, e m is given by the intersection of 2 maximal orders 
corresponding to vertices (x> m -i, t> m ) say, where d(t)j, J) = j. Using that G pm acts 
simply transitively, we deduce that is given by the intersection of 2 maximal 
orders corresponding to vertices (0 TO _i, t>' m ), where X)' rn = rjp 1 of o rec^ (<r) * X) m 
is the vertex obtained from the action of Galois, having d(t>' m , J) = m. Now, recall 
that by Lemma l3T5l we have a bijection between the set of maximal orders of M^-Fp) 
and the set of homothety classes of full rank lattices of F p © F p . The origin vertex 
Oo corresponds to the class of the lattice Fp © Fp under any such bijection. Since 
d(Vo, t> m _i) = m — 1 by construction, we may take 

In = Fp ®7Tp n - 1 Fp 

as a lattice representative for the class corresponding to the vertex U m . Here, 7r p is 
a fixed uniformizcr of Fp. Similarly, we may take 

L 2 = <D Fp ®^0 Fp 
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as a lattice representative for the class corresponding to the vertex o' m . We then 
consider the value of the lattice class function c*([Li], [1/2])- Recall that by defini- 
tion, c$([Li], [L2]) = 3>(<7l)- Here, we have fixed a pair of representatives (£1,^2) 
for the pair of classes ([£1], [L2]), and ql is any matrix in GL^-Fp) such that 

g L (0 Fp OO Fp )=L 1 

9L (0 Fp ®Tr™- 1 Fp )=L 2 . 



It is then clear that we can take 



1 



<lL-\ Q 

for this matrix representative. We claim it is also clear that this matrix g F is 
contained in the image of the local optimal embedding 

{K;/F*)/u m b; = GL 2 (F„). 

Granted this claim, we see that the matrix g^ factors through the action of the 
Galois group G pm on the directed edge set. In particular, we deduce by transitivity 
of the action that 

mC)}aeG fm = {$(i)} terec -'( Gfm)) 

where $(t) denotes the evaluation of the global eigenform $ G 5^(_ff;C) on a 
(torus) class t. In particular, we deduce that $(e£j = $(rec^- 1 (cr)) = $(f). Granted 
this identification, the specialization p (6$) is then given by 



a- m - / p(i)-*(t)dt, 

JrcCg 1 (G p =o ) 

with t = rec^- 1 (a) . Here, dt denotes the counting Haar measure, which coincides 
with the Tamagawa measure. We are now in a position to invoke the special value 
formula of Theorem 12.31 above directly. That is, since p extends to an algebra 
homomorphism A — > C p , it follows from Lemma 14.91 that p(9^6^,) = p{0<&) ■ 
p^ 1 (9<s>). Hence, we find that 

\ P (£ p @, k)) 1 = • = m, P )\ ■ \m P -% 

Here, l(&,p) denotes the period integral defined in (|5|). The result then follows 
directly from Theorem 12.31 In the case that $ is p-supersingular, hence that the 
T p -eigenvalue of $ is zero, the same argument gives the analogous interpolation 
formula for \p (C p ($, K)±) |. □ 

The invariant p. We now give an expression for the Iwasawa /i-invariant associ- 
ated to any of the p-adic L-functions £p($, K)*, following the method of Vatsal 
[24] . Recall that we let A denote the O- Iwasawa algebra of G p °o , which is the com- 
pleted group ring 0[[G P °°]]. Recall as well that we define the p-invariant p{Q) of 
an element Q £ A to be the largest exponent c such that Q £ *p c A. 

Definition Given an eigenform $ e 52 fllt=i ^i\7pi ®J i ^ v — v^, denote the 
largest integer such that $ is congruent to a constant modulo ty" . 

Theorem 4.10. The p-invariant /it(£ p (<&, K )*) is given by 2v. 
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Proof. See Vatsal [2H Proposition 4.1, § 4.6], which proves the analogous result 
for F — Q. Let us assume first that $ is p-ordinary, hence that the image of its 
Tp-eigenvalue under our fixed embedding Q — > Q p is a p-adic unit. Recall that in 
this case, we define Cp{&, K) — 0^6^ by the formula ([551) . Let p be any ring class 
character of K that factors through G p m for some integer m > 1. Observe that 
by definition, we have the congruence p (#$, m ) = mod ty p . Hence, we find that 
p (0$) > ia Our approach is now to find a coefficient in the power series expansion 
for 9<& having ^P-adic valuation at most v. Let us then write the completed group 
ring element (9$ as 

0$ = hrn ^2 c j( a ) a \ e A. 

Writing 1 for the identity in G v °° , we then obtain from the expression 
Coo(l) := lim c,-(l) = lim (a p ~-' • [1, e,-]$ 

for the constant term in the power series expansion of We claim that Coo(l) has 
*P~adic valuation at most v. Equivalently, we claim that there exists a sequence of 
directed edges {e'j}j>i such that 

lim ([1, ej ]«) # lim ([1, e;]$) mod 

j 3 

Indeed, suppose otherwise. Then, for any sequence of directed edges {t'j}j>i, we 
would have that 

$(e i )EE$(e^) mod¥' y+1 . 

In particular, it would follow that $ were congruent to a constant modulo S P" +1 , 
giving the desired contradiction. Using the same argument for the element we 
find that fi (£ p ($, K)) — 2v. Assume now that $ is p-supersingular, hence that its 
Tp-eigenvalue is 0. We claim that for each of the p-adic T-functions £p{&, ^) ± , we 
have that p (£ p ($, K^) = p as the contribution of trivial zeroes from f2„ 

will not affect the ^-adic valuation. The same argument given above then shows 
that p = 2i/, which concludes the proof. □ 

5. Howard's criterion 

We conclude with the nonvanishing criterion Howard, [ill Theorem 3.2.3(c)]. 
This criterion, if satisfied, has important consequences for the associated Iwasawa 
main conjecture by the combined works of Howard [TT] Theorem 3.2.3], and Pollack- 
Weston [TB], as explained in Theorem II .31 above for the case of F = Q. If also has 
applications to the analogous Iwasawa main conjectures for general totally real 
fields, as explained in Theorem 1.3 of the sequel work |23j . 

Fix a Hilbert modular eignform f e ^(DT), with C Of an integral ideal 
having the factorization ([2]). Let us for simplicity assume that 9t is prime to the 
relative discriminant of K over F. Given a positive integer k, let us define a set of 
admissible primes of Of, all of which are inert in K, with the condition that 
for any ideal n in the set &k of squarefree products of primes in there exists a 
nontrivial eigenform f w of level nVl such that 

(46) f (n) = f mod 
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Here, (|4"6]) denotes a congruence of Hecke eigenvalues. Let ©^ C &k denote the 
subset of ideals n for which c<;j<yi?(n#t) = — 1, where recall ijJk/f denotes the qua- 
dratic Hecke character associated to K/F. Equivalently, we can let 6+ c & k 
denote the subset of ideals n for which the root number of the complex L-function 
L(f , K, s) is +1. Note that this set ©^ includes the so called "empty product" cor- 
responding to 1. Given an ideal n G ©^ , we have an associated p-adic L-function 
Cp(f( a \ K)* — (0 f („)0* (n) )*. Let us then for simplicity write A n to denote the asso- 
ciated completed group ring element 6* f( „), with Ai the base element Of. Let be 
any height one prime ideal of A = 0[[G P °°]]. We say that Howard's criterion for f 
and K holds at if there exists an integer ko such that for each integer j > ko, 
the set 

(47) {A n G A/(qj»') : n e St} 

contains at least one element A n with nontrivial image in A/(0,^p fe °). Following 
the result of Howard [HJ Theorem 3.2.3 (c)], as well as the generalization given in 
[2"31 Theorem 1.3], we make the following 

Conjecture 5.1. Howard's criterion for f and K holds at any height one prime 
ideal of A. 

Remark Note that Conjecture 15.11 holds trivially if ord£j(A n ) = for some A n in 
the set (|47|) . It is also easy to see that Conjecture 15.11 holds at the height one 
prime defined by = (CP), using the characterization of the /z-invariant given in 
Theorem 14. 101 above. Observe moreover that Conjecture 15.11 holds trivially for all 
height one primes of A if one of the elements A n in the set (|47|) is a unit in A. 
Hence, as explained in Theorem 11.31 above, or more generally in Theorem 1.3 of 
the sequel paper [23], this condition would often be strong enough to imply the 
full associated Iwasawa main conjecture, i.e. that the equality of ideals ([3|) indeed 
holds in Conjecture 11.21 above. 

We conclude this discussion with a reformulation Conjecture 15.11 at the height 
one prime of A defined by = (71 — 1, . . . , 75 — 1) into a conjecture about the 
nonvanishing of central values of complex Rankin- Sclberg L-functions. Let 1 denote 
the trivial character of the Galois group G p oc. Recall that we write L(f,K,s) to 
denote the Rankin-Selberg L-function of f times the theta series associated to K, 
normalized to have central value at s = 1. Consider the following easy result. 

Lemma 5.2. Howard's criterion holds at = (71 — 1, ... ,75 — 1) if and only if 
there exists an integer ko such that for all integers j > ko, the set ©^ contains an 
ideal n such that the associated central value L(f( n \K, 1) does not vanish. 

Proof. We claim that divides an element A G A if and only if the specialization 

1(A) = f l(a)d\(a) 

does not vanish. This can be seen by translating to the power series description of A. 
The claim then follows immediately from our interpolation formula for these p-adic 
L-functions (Theorem 14. 7|) , using the central value formula of Theorem 12.31 □ 

We therefore conclude this note with the following intriguing 
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Conjecture 5.3. Let f G 52(91) be a cuspidal Hilbert modular eigenform, and 
K/F a totally imaginary quadratic extension for which the root number of L(f, K, s) 
equals +1. Then, there exists a positive integer ko such that the following property 
is satisfied: for each integer j > k , there exists an ideal n G &1j such that the 
central value L(f( n \K, 1) does not vanish. 
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